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a b s t r a c t
This paper presents the approximate analytical solutions to solve the nonlinear Forn-
berg–Whitham equation with fractional time derivative. By using initial values, explicit
solutions of the equations are solved by using a reliable algorithm like the variational iter-
ationmethod. The fractional derivatives are taken in the Caputo sense. The presentmethod
performs extremely well in terms of efficiency and simplicity. Numerical results for differ-
ent particular cases of α are presented graphically.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
In recent years, many phenomena in engineering, physics, biology, fluid mechanics and other sciences [1,2] can be
described very successfully by models using mathematical tools from fractional calculus. Fractional derivatives provide an
excellent instrument for the description of memory and hereditary properties of various materials and processes [3]. The
fractional derivative has been occurring in many physical and engineering problems such as frequency dependent damping
behavior materials, signal processing and system identification, diffusion and reaction processes, creeping and relaxation
for viscoelastic materials.
Most fractional differential equations do not have exact analytic solutions so approximation and numerical methods
must be used. A great deal of effort has been expended in attempting to find robust and stable numerical and analytical
methods for solving fractional differential equations of physical interest. Thesemethods include the finite differencemethod,
Adams–Bashforth–Moultonmethod, Homotopy perturbationmethod, Adomian decompositionmethod, Homotopy analysis
method and Generalized differential transform method [4–25].
The Variational iteration method (VIM) is a new approach for finding the approximate solution of linear and nonlinear
problems. VIM was proposed by He [26–28] who was the first to apply the VIM to fractional differential equations [29].
Odibat and Momani [30] applied the VIM to Fractional differential equations in fluid mechanics. Yulita et al. [31] used VIM
to solve fractional Zakharov–Kuznetsov equations. Inc [32] applied the VIM to solve the space- and time-fractional Burgers
equations. Safari et al. [33] used VIM to obtain an approximate solution of the space-fractional KdV–Burgers–Kuramoto
equations. Das [34] found the exact solution of fractional diffusion equations using VIM. Abidi and Omrani [35] applied the
Homotopy analysis method for the Fornberg–Whitham equation. Gupta and Singh [36] used the Homotopy perturbation
method for the fractional Fornberg–Whitham equation. Recently, Lu [37] has used the variational iterationmethod to obtain
an approximate solution Fornberg–Whitham equation.
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In the present paper, we have to solve the nonlinear time-fractional Fornberg–Whitham equation by the Variational
iteration method. This equation can be written in operator form as
uαt − uxxt + ux = uuxxx − uux + 3uxuxx, t > 0, 0 < α ≤ 1, (1)
subject to initial condition
u(x, 0) = 4
3
e
1
2 x (2)
where u(x, t) is the fluid velocity, α is constant and lies in the interval (0, 1], t is the time and x is the spatial coordinate.
2. Basic definitions
Fractional calculus unifies and generalizes the notions of integer-order differentiation and n-fold integration [1,3]. We
give some basic definitions and properties of fractional calculus theory which shall be used in this paper.
Definition 2.1. A real function f (x), x > 0, is said to be in the space Cµ, µ ∈ R if there exists a real number p(>µ), such
that f (x) = xpf1(x), where f1(x) ∈ C[0,∞), and it is said to be in the space Cmµ iff f (m) ∈ Cm,m ∈ N. The Riemann–Liouville
fractional integral operator is defined as follows.
Definition 2.2. The Riemann–Liouville fractional integral operator of order α ≥ 0, of a function f ∈ Cµ, µ ≥ −1, is
defined as
Jα f (x) = 1
Γ (α)
 x
0
(x− t)α−1f (t)dt, α > 0, x > 0,
J0f (x) = f (x).
In this paper only real and positive values of α will be considered.
Properties of the operator Jα can be found in [3] and we mention only the following: For f ∈ Cµ, µ ≥ −1, α, β ≥ 0, and
γ ≥ −1:
1. Jα Jβ f (x) = Jα+β f (x),
2. Jα Jβ f (x) = Jβ Jα f (x),
3. Jαxγ = Γ (γ+1)
Γ (α+γ+1)x
α+γ .
Definition 2.3. The fractional derivative of f (x) in Caputo sense is defined as
Dα f (x) = Jm−αDmf (x) = 1
Γ (m)
 x
0
(x− s)m−α−1f (m)(s)ds,
form− 1 < α ≤ m, m ∈ N, x > 0, f ∈ Cm−1.
Definition 2.4. For m to be the smallest integer that exceeds α, the Caputo time-fractional derivative operator of order
α > 0 is defined as
Dαu(x, t) =

1
Γ (m− α)
 x
0
(t − τ)m−α−1 ∂
mu(x, t)
∂τm
dτ , m− 1 < α < m
∂mu(x, t)
∂tm
, α = m ∈ N.
3. Basic idea of variational iteration method
To clarify the basic ideas of the VIM [26–28], we consider the following differential equations:
Lu+ Nu = g(x)
where L is a linear operator, N is a nonlinear operator and g(x) is an inhomogeneous term. According to VIM, we can write
down a correction functional as follows:
un+1(x) = un(x)+
 x
0
λ{Lun(τ )+ Nu˜n(τ )− g(τ )}dτ ,
where λ is a general Lagrangian multiplier which can be optimally identified via variational theory [38]. The subscript n
indicates the nth approximation and u˜n is considered as a restricted variation, i.e. δ u˜n = 0. The initial approximation
(trial function) u0 can be freely chosen if it satisfies the initial and boundary conditions of the problem. However the
success of the method depends on the proper selection of the initial approximation u0. We approximate the solution
u(x, t) = limn→∞ un(x, t).
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4. Solution of the problem
We consider the following time-fractional Fornberg–Whitham equation
uαt − uxxt + ux = uuxxx − uux + 3uxuxx, t > 0, 0 < α ≤ 1, (3)
with initial condition as
u(x, 0) = 4
3
e
1
2 x. (4)
We remark that the exact travelling wave solution to the above initial value problem is given by [39]
u(x, t) = 4
3
e
1
2 x− 23 t . (5)
To solve Eq. (3)–(4) By means of VIM, we construct a correction functional which reads
un+1(x, t) = un(x, t)+
 t
0
λ(τ){uαnτ (x, τ )− u˜nxxτ (x, τ )+ u˜nx(x, τ )+ u˜n(x, τ )u˜nx(x, τ )
− 3u˜nx(x, τ )u˜nxx(x, τ )− u˜n(x, τ )u˜nxxx(x, τ )}dτ .
where δ u˜n is considered as a restricted variation. u0(x, t) is its initial approximation or trial function. Making the above
correction functional stationary and noticing that δ u˜n = 0, we obtain
δun+1(x, t) = δun(x, t)+
 t
0
δλ(τ){uαnτ (x, τ )− u˜nxxτ (x, τ )+ u˜nx(x, τ )+ u˜n(x, τ )u˜nx(x, τ )
− 3u˜nx(x, τ )u˜nxx(x, τ )− u˜n(x, τ )u˜nxxx(x, τ )}dτ .
δun+1(x, t) = δun(x, t)+ λ(τ)δun(x, τ )+
 t
0
δun(x, τ )λ′ (τ ) dτ = 0
= δun(x, t)(1+ λ(τ))+
 t
0
δun(x, τ )λ′(τ )dτ = 0
which produces the stationary conditions:
λ′(τ ) = 0 (6)
1+ λ(τ)|τ=t = 0 (7)
where Eq. (6) is called the Euler–Lagrange equation and Eq. (7) natural boundary condition. The Lagrangian multiplier,
therefore, can be identified as λ = −1, and the following variational iteration formula can be obtained
un+1(x, t) = un(x, t)−
 t
0
{uαnτ (x, τ )− unxxτ (x, τ )+ unx(x, τ )
+ un(x, τ ) unx(x, τ )− 3 unx(x, τ ) unxx(x, τ )− un(x, τ ) unxxx(x, τ )}dξ . (8)
We start with an initial approximation u0 = u(x, 0) given by Eq. (4), by the above iteration formula (8), we can obtain the
other components as
u0(x, t) = 43 e
1
2 x,
u1(x, t) = 23 e
1
2 x(2− t),
u2(x, t) = 16 e
1
2 x

8− 9t + t2 + 4t
2−α
Γ (3− α)

,
u3(x, t) = 172 e
1
2 x(96− 183t + 42t2 − 2t3)− 1
72
e
1
2 x

48t3−2α
Γ (4− 2α) −
504t2−α
Γ (4− α) +
168αt2−α
Γ (4− α) +
48t3−α
Γ (4− α)

and so on, in the same manner the remaining components of the iteration formula (8) can be obtained from Mathematica
software.
Finally, we approximate the solution u(x, t) = limn→∞ un(x, t) by the nth term un(x, t). The above series solutions
generally converge very rapidly. The convergence of this type of series is proved by Abbaoui and Cherruault [40].
In order to illustrate the efficiency of the VIM,we compare the third-order approximation u3(x, t)with the exact solution.
Table 1. lists for different valuesα for approximate solution u3(x, t). The numerical results show that VIMworks verywell for
this problem, even if it is used low-order approximate solution u3(x, t). The accuracy can be improved by using higher-order
approximate solutions. Numerical results for different particular cases of α are presented in Figs. 1–6.
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Fig. 1. The surfaces show the approximate solutions u3(x, t) for α = 0.7.
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Fig. 2. The surfaces show the approximate solutions u3(x, t) for α = 0.8.
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Fig. 3. The surfaces show the approximate solutions u3(x, t) for α = 0.9.
5. Conclusion
In this paper, the Variational iteration method has been successfully employed to obtain a series solution of the time-
fractional Fornberg–Whithamequations. Themethodhas beenused in a directwaywithout using linearization, perturbation
or restrictive assumptions. The result shows that a few iterations of the Variational iteration method recursive formula can
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Fig. 4. The surfaces show the approximate solutions u3(x, t) for α = 1.
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Fig. 5. The surfaces show the exact solution of u(x, t).
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Fig. 6. Plots of u(x, t) at x = 1 for different values of α.
yield a good solution. The basic idea described in thiswork is expected to be further employed to solve other similar nonlinear
problems in partial differential equations of fractional order.
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Table 1
Comparison exact solution with VIM solution u3(x, t).
x t Exact sol. α = 1 α = 0.9 α = 0.8 α = 0.7
0.5 0.5 1.22672588 1.22606593 1.16963576 1.10867258 1.04366140
0.5 1.0 0.87898750 0.87385063 0.85834430 0.83877324 0.81199739
0.5 1.5 0.62982207 0.62863744 0.67723962 0.72758316 0.77563587
0.5 2.0 0.45128723 0.46367584 0.57772754 0.70151964 0.83258907
1.0 0.5 1.57514721 1.57429982 1.50184204 1.42356378 1.34008777
1.0 1.0 1.12864229 1.12204642 1.10213589 1.07700616 1.04262528
1.0 1.5 0.80870754 0.80718645 0.86959289 0.93423527 0.99593617
1.0 2.0 0.57946427 0.59537156 0.74181684 0.90076905 1.06906553
1.5 0.5 2.02252906 2.02144098 1.92840335 1.82789208 1.72070676
1.5 1.0 1.44920539 1.44073612 1.41517050 1.38290328 1.33875737
1.5 1.5 1.03840104 1.03644792 1.11657937 1.19958183 1.72070676
1.5 2.0 0.74404686 0.76447222 0.95251168 1.15661035 1.37270731
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